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We study the effects of local projective measurements on the quantum quench dynamics. As
a concrete example, one-dimensional Bose-Hubbard model is simulated by using matrix product
state and time evolving block decimation. We map out a global phase diagram in terms of the
measurement rate in spatial space and time domain, which demonstrates a volume-to-area law
entanglement phase transition. When the measurement rates reach the critical values, we observe a
logarithmic growth of entanglement entropy as the sub-system size or evolved time increases. This
is akin to the character in the many-body localization, implying a general picture of the dynamical
transitions separating quantum systems with different entanglement features. Moreover, we find
that the probability distribution of the single-site entanglement entropy distinguishes the volume
and area law phases just as the case of disorder-induced many-body localization. This suggests that
the different type entanglement phase transitions may be understood as a nonlocalized-to-localized
transition. We also investigate the scaling behavior of entanglement entropy and mutual information
between two separated intervals, which is indicative of a single universality class and thus suggests
a possible unified description of this transition.
PACS numbers:
I. INTRODUCTION
Quantum entanglement is an invaluable tool to access
intrinsic nature of the underlying states and their non-
equilibrium properties in quantum physics [1–3]. For ex-
ample, typical excited eigenstates exhibit a volume-law
scaling, i.e. the entanglement entropy of the reduced
state of a sub-system grows as its volume. While for most
of gapped ground states, an area-law of entanglement
entropy emerges (entropy is proportional to the surface
area of the sub-system). The scaling behavior of entan-
glement entropy could vary in out-of-equilibrium driv-
ing [4–17]. If the thermalization is triggered by a global
unitary quench with an interacting post-quench Hamil-
tonian, the volume-law entropy will replace the area-law
behavior [4, 6, 10]. But many factors may affect the non-
equilibrium dynamics, for instance, randomness may lead
to the many-body localization (MBL) [18–32]. Due to
avoiding thermalization in the MBL, the stationary state
(quench steady state) exhibits area-law entropy for the
short-entangled systems, and the entanglement entropy
grows logarithmically in time, which is in contrast with
the linear growth in thermalized case.
Except for the disorder, the presence of non-unitary
operations (e.g. relaxation, dissipation, measurements)
will also influence the entanglement dramatically. One
notable example is, by introducing a continuous monitor-
ing (damping) term in quench dynamics of free Fermion
chain, it is found that the volume law entanglement is
unstable under arbitrary weak damping if it is applied
everywhere [33]. This is similar to the quantum Zeno ef-
fect [34], where the total system is measured continuously
and localized near a trivial product state.
Interestingly, when the measurement rate is finite, one
may expect that the local measurements destroy the vol-
ume law produced by pure unitary dynamics, especially
in low-dimensional systems. However, this is not the case
in generic interacting systems, where more subtle entan-
glement structures could survive under measurements.
A stable volume law phase was found in several numer-
ics [35–40]. By simulating hundreds qubits in Clifford cir-
cuits, it is found a continuous quantum dynamical phase
transition from volume law to area law entanglement by
continuously tuning the measurement rate [36, 37]. The
presence of the volume-to-area law transition is also iden-
tified in Floquet circuits [35], and can be understood by
a classical percolation problem. Furthermore, it has been
argued the presence of the volume-to-area law transition
can be reinterpreted in a quantum error correction point
of view [39]. The authors of Ref. [39] considered the in-
fluence of two parameters – depth and fraction – on en-
tanglement dynamics rather than consider only the mea-
surement rate (density of non-unitaries in whole dynam-
ics, which is equivalent to the fraction in case of depth
is one). On the other hand, it should be noticed that
the stable volume law phase does not exist in all mod-
els. Ref. [41] reported that the entanglement in non-
interacting Bell pair model, exhibits area law for arbi-
trary measurement rate. However, they also showed that
in more generic models, an volume-to-area law entangle-
ment transition can exist, i.e. the volume law exhibits
under rare local measurements. They argued that the
volume law entanglement is stable only if it features a
subleading correction term.
Taken the above facts, another question immediately
arises: What is the nature of this measurement-induced
entanglement phase transition? In Ref. [35], by map-
ping the calculation of zeroth Re´nyi entropy to a classical
percolation problem, a toy model describing the disentan-
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2glement process for unitary dynamics with measurements
was provided. The scale invariance in the critical per-
colation system exhibits a logarithmic growth of entan-
glement, and also lead to power-law decay correlations.
It is also found that at the critical point [37], the von
Neumann entropy (the first Re´nyi entropy) grows loga-
rithmically in time, and the mutual information exhibits
power-law decay in space, thus an underlying conformal
field theory (CFT) description was proposed. Moreover,
they showed that the peak of mutual information can be
an indicator of the volume-to-area law phase transition
[37]. Please note that, the above discussions are mainly
based on the circuits model [35, 37], and non-interacting
models [37]. Besides, much less is known about the uni-
versality (if any) of the entanglement entropy of more
generic models, e.g. quantum many-body lattice sys-
tems and non-integrable models, or of models mappable
to them.
In this paper, we study the quantum dynamics of one-
dimensional Bose-Hubbard model in presence of random
projective measurements by using matrix product state
(MPS) and time evolving block decimation (TEBD).
The Bose-Hubbard model has been a paradigmatic non-
integrable model to understand the quantum dynamics
and non-equilibrium properties. We map out a global
phase diagram controlled by the measurement rate in
spatial space and time domain (see Fig. 1 for definition).
A volume-to-area law phase transition is observed. We
find that the single-site entanglement entropy can indi-
cate the transition, this suggests that the observed entan-
glement transition may be understood as a nonlocalized-
to-localized transition. At the critical point, we obtain a
logarithmic growth of entanglement and power-law decay
of correlations. The scaling behavior of entropy around
the critical point appears to belong to a single universal-
ity class. Our work provides a wealth of evidences that
non-unitary factors, such as projective measurements,
can induce a dynamical phase transition, adding more
pieces of message to the recently proposed theoretical
scenario [35, 37, 39], from the microscopic view on non-
integrable quantum lattice model.
II. MODEL AND METHOD
In present work, we consider a quench dynamics of
the von Neumann entropy on an one-dimensional Bose-
Hubbard model [42] as the post-quench Hamiltonian
H = −
∑
i
(b†i bi+1 + b
†
i+1bi) +
U
2
∑
i
ni(ni − 1) (1)
where b†i , bi, and ni = b
†
i bi are the boson creation, anni-
hilation, and particle number operators on site i respec-
tively. The model has a critical point Uc ∼ 3.3 [43–52],
which separates a superfluid phase in U < Uc from a
Mott insulator phase in U > Uc. Our setup for the uni-
tary time evolution background is a quench dynamics
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FIG. 1. (a) A diagrammatic representation of the quench dy-
namics with local projective measurements. The quench dy-
namics is from a trivial product state described by MPS (gray
rectangles), and the unitary time evolution background is
build with several unitary layers described by MPO (blue rect-
angles). The local projective measurements (green rounded
squares) are applied only after several unitary layers, which
are chosen randomly with probability Pt. For each measured
layers, the local projective measurements are posited ran-
domly in space with probability Px. (b) Two-dimensional
phase diagram of the entanglement phase transition consists
with the measurement rate in space Px and time Pt, where A
and B represent the disentangling and entangling phases re-
spectively. The background colors represent the value of the
von Neumann entropy for long-time steady states with sub-
system size L = 8 averaged over different (up to 900) random
realizations.
from Mott phase into to superfluid phase. Without los-
ing the generality, the strength of onsite interaction U
in post-quench Hamiltonian is chosen to be 0.14 in our
simulation, and the initial state is chosen to be a triv-
ial product state with occupation number on each site
〈ni〉 = 1. The maximum number of bosons per site is set
to be 5.
The quench dynamics is simulated using MPS and
TEBD [53–57] performing in TeNPy package [58], a net-
work diagrammatic representation is shown in Fig. 1(a).
The unitary time evolution background is built by several
layers of the matrix product operator (MPO), describ-
ing the time evolution operator. By performing TEBD,
each unitary layer is written in terms of two-site gates by
using a second order Suzuki-Trotter decomposition with
dt = 0.02. A bond dimension χ up to 2048 was test to be
fine for the time scale considered in present work. In our
calculation, an open boundary chain with total system
size L0 = 36 is considered. We also test some calcula-
tions on L0 = 48 size and get the very similar behavior,
which gives us confidence the results shown below is free
of the finite-size effect.
The local projective measurements are set to be ap-
plied randomly in space and time. The local projection
operator is defined by P = |1x〉〈1x|, which projects the
quantum state at position x to |1〉. In time domain, we
set the number of measured unitary layers per 50 lay-
ers to be a fixed value nt, and define the measurement
rate in time Pt = nt/50. For each measured layer, we
define the probability of local projective measurements
applied a single site to be the measurement rate in space
3Px. After each local measurement, the total state has
been renormalized, therefore the full dynamics is nonlin-
ear. For smaller measurement rates we have simulated
more random realizations, like for Px = 0.02, Pt = 1
we simulate 900 random realizations, since the effect of
single local projective measurement is larger. For larger
measurement rates, the effect of single local projective
measurement is much smaller, so we do not need many
random realizations to obtain the smooth averaged curve
with small standard error, for example, for Px = 0.08,
Pt = 1 we only simulate 40 random realizations.
We note that the two parameters Px and Pt consid-
ered in our simulations are independent and not sim-
ply the same as the measurement rate P considered in
Ref. [35–38, 40], since we have set up that the measure-
ments only applied after some of unitary layers. To see
the difference, just need to consider the case of a finite
small measurement rate in time, for example Pt = 0.1,
where the local projective measurements applied only af-
ter 5 unitary layers in per 50 unitary layers. In this case,
at least in 9 continuous unitary layers, which corresponds
to the physical time dt = 0.18, does not exist any local
projective measurement, i.e. the Pt considered in our
simulation controls the degree of information spreading
effectively, just as the “depth” defined in Ref. [39] but
with randomness.
III. RESULTS AND DISCUSSIONS
By examining the von Neumann entropy, we observe
the competing tendencies between the local projective
measurements and unitary time evolution background,
which suggest a phase transition between entangling
and disentangling phases. A two-dimensional phase dia-
gram of von Neumann entropy consisting with the mea-
surement rate in time Pt and space Px is presented in
Fig. 1(b). In the case of Pt = 1, Px is equivalent to
the measurement rate considered in previous works [35–
38, 40]. In this case, the region of volume law phase in
our model is very narrow. Due to this, one may ques-
tion about the stability of the strong entangling phase
in combination of unitary evolution and local projective
measurements. We note that our numerical results for
different values of Pt show that, with decreasing Pt the
critical value of Px exhibits a growth much faster than
linear. Therefore, the competing tendencies between den-
sity of the local projective measurements applied and the
degree of information scrambling suggest a stable volume
law phase when Pt is finite small.
The existence of two phases in the designed dynamical
process is more clear in Fig. 2(a-c), where we show the
time evolution of the entropy for various values of Px. For
the smaller measurement rate (Fig. 2(a)), the entangle-
ment entropy increases ballistically at initial times and
then saturates at a large value. The entropy in the quasi-
stationary regime at long times is close to the volume-law
values in the unitary evolution. For larger measurement
time t time ttime t
time lnt time lnttime lnt
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FIG. 2. The dynamics of the von Neumann entropy with sub-
system size L = 8 for different values of Px, here the results for
Pt = 1 is chosen. The results for different (up to 900) random
realizations are presented in the form of a two-dimensional
color-coded histogram. (a-c) The full dynamics of the entropy
with time up to t = 30, where the von Neumann entropy
already reach the platform saturated by the sub-system size.
(d-f) The short-time dynamics of the entropy plotted in ln t.
The red line shows a ln t growth of the averaged entropy.
The inset in (e) shows a fitting in form S = a ln t + b, with
a ≈ 0.22± 0.02 and b ≈ 0.58± 0.02.
rate (Fig. 2(c)),the entropy saturates quickly to very
small values, corresponding to an area law phase or lo-
calized phase.
Besides the long-time behaviors exhibit a phase transi-
tion between volume law and area law phases, the short-
time behaviors also display interesting features. We first
note an interesting fact observed in our calculation. For
pure unitary quench, the finite-size effect will lead to the
dip in the entropy at long times [47]. In our simulation
with local measurements, we find that there is no dip in
averaged entropy at long times. This can be understood
in a quasi-particle picture. Consider a quasi-particle at
the center of the chain moving to the boundary, where
the quasi-particle will reflect back to the center. Due to
this, in pure unitary dynamics, there are dips appearing
at long times periodically. In the case of local measure-
ment applied, the quasi-particles cannot propagate across
the measured position, so the reflecting is destroyed and
also the dips of entropy. This allows us to investigate the
long-time entanglement structures. Now, let us discuss
the short-time behaviors of the states. In the area law
phase, the state is close to the initial trivial product state
due to the known quantum Zeno effect, therefore the en-
tropy is very small and almost unchanged in time. In vol-
ume law phase, the entanglement growth exhibits a linear
dependence (with possible logarithmic correlations) with
time like in the case of pure unitary evolution, and the
growth velocity decreases with increasing the measure-
ment rate. At the critical point, the linear growth is
4S
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FIG. 3. (a) The spacial distribution of the von
Neumann entropy for long-time steady states, with
fixed Pt = 1, after averaged over hundreds random
realizations. Different curves from top curve to bot-
tom curve correspond to different values of Px =
0.02, 0.025, 0.03, 0.035, 0.04, 0.045, 0.05, 0.055, 0.06, 0.07, 0.08,
respectively. (b) The von Neumann entropy of long-time
steady states for Px ∼ Px,c. The results for 240 different
random realizations are presented in the form of a two-
dimensional color-coded histogram. The red line shows the
averaged data. (c) The red line shows the averaged von
Neumann entropy of long-time steady states for Px ∼ Px,c
plotted in lnL. The black line shows the result of a fitting in
form S = a lnL+ b, with a ≈ 0.21± 0.01 and b ≈ 0.41± 0.01.
totally destroyed by the local measurements, the entan-
glement exhibits a logarithmic growth in time as shown in
Ref. [35] for zeroth Re´nyi entropy. The logarithmic scal-
ing of the entanglement entropy with time was known
to be the characteristic of MBL. This key commonality
between MBL and the measurement-induced volume-to-
area law phase transition in our model implies a general
picture of the entanglement transition separating quan-
tum systems with different entanglement features. One
can consider that MBL system with impurities, which
lead to the localization, can be mapped onto a random
tensor network [59]. In our case, where the local projec-
tive measurements disentangle the local degrees of free-
dom, the system can be mapped onto a random tensor
network where the bond dimension of each tensor is ran-
dom. Therefore, it is possible to consider the general pic-
ture of two transitions can be described by the random
tensor networks as in Ref. [59]. Also due to this reason,
we expect an emergent CFT, and corresponding logarith-
mic entanglement and power-law correlations. We also
note that in Ref. [59] it was shown that the percolation
fixed point is unstable, so that the critical exponents may
be different in different models.
The entanglement growth in space (sub-system size)
also indicates a phase transition. In Fig. 3(a), the aver-
aged von Neumann entropy of long-time steady states for
different Px, with fixed Pt = 1, is presented. The growth
velocity of the von Neumann entropy in space decreases
as a result of increasing measurement rate. As shown
in Fig. 3(b), at the critical point, a logarithmic depen-
(a) (b)
FIG. 4. (a) The von Neumann entropy of long-time steady
states with different sub-system size L as a function of the
measurement rate in space Px, with fixed Pt = 1. (b) Data
collapse of the same data presented in (a) by scaling form in
Eq. 2 with Px,c = 0.06 and ν = 2.
dence of the entropy on the sub-system size, as an uni-
versal property of entanglement phase transition, is ob-
served. Our numerical results of the spacial distribution
of the entropy suggests the scaling behavior introduced
in Ref. [37], where a logarithmic correction is added onto
the linear dependence in volume law phase. We note
that a strong volume law entanglement is also observed
in unitary dynamics with weak disorders [28]. But the
general behavior of the dynamics with disorders is still
not determinate, one can expect the possible logarithmic
corrections of volume law entanglement in unitary time
evolution with disorders in the post quench Hamiltonian,
since we expect a general picture of entanglement phase
transition.
We now turn to consider global scaling behavior of en-
tanglement entropy. In order to extract critical behavior
around the critical measurement rate Px,c, we perform
a finite-size scaling form for the von Neumann entropy
[35, 37, 39, 59]
S(Px)− S(Px,c) = F ((Px − Px,c)L1/ν) (2)
where L is the sub-system size. The data collapse yields
the critical value Px,c ≈ 0.060± 0.004 and the exponent
ν ≈ 2.00 ± 0.15. The fine data collapse presented in
Fig. 4(b) show the correctness of the scaling form, and
also strongly support the universal phase transition. In-
terestingly, the obtained scaling index ν ≈ 2.00 in our
calculation is close to the dynamics of random unitaries
in one dimension [35]. The emergence of such a consis-
tency implies that the randomness of local measurements
and unitary gates may have similar origin.
Here we present more commons between the volume-
to-area law transition and MBL, which suggest a possi-
ble generic picture of entanglement phase transition. In
Fig. 5 we plot the probability distribution of the single-
site von Neumann entropy for different Px with fixed
Pt = 1. We find that the single-site entanglement entropy
raises signature of the transition just like in the case of
5P(
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FIG. 5. Probability distribution of the single-site von Neu-
mann entropy for different values Px, with fixed Pt = 1. (a)
Volume-law phase P < P cx and (b) Area-law phase P > P
c
x .
the thermal-to-MBL transition [60]. In the volume law
phase, as shown in Fig. 5(a), the single-site entropy dis-
tribution hosts two dominate peaks. One is located at
S = 0 and the other one is at S ≈ 1.25. With increasing
the measurement rate, the peak centered at S > 0 be-
comes broadened, and the S = 0 peak becomes sharper.
For the case of the measurement rate near the critical
value, as the curves for Px = 0.05 and 0.055 shown in
Fig. 5(b), the S > 0 peak is very small. In the area law
phase, the S > 0 peak totally disappears. We point out
that the above discussed behavior of the single-site entan-
glement entropy is the consequence of a nonlocal-to-local
transition. Consider a pure unitary dynamics without
any impurities, which will lead the state to be localized.
In this case, the state goes to thermalization, and the
information spreads into the whole space, so that the
single-site entanglement for each site is strong, only one
peak appears in the right side. Another limit is a dynam-
ics with strong impurities, each site is almost localized,
therefore there is only a peak at S = 0. This suggests
that the different type entanglement phase transitions,
including measurement-induced volume-to-area law and
disorder-induced thermal-to-MBL transitions, can be un-
derstood as a nonlocalized-to-localized phase transition.
We also note that although the single-site entanglement
distribution indicates a transition from non-local to local,
we still do not know the volume law phase is thermalized
or not (follows eigenstate thermalization hypothesis or
not), since the single-site reduced density matrix does
not give us such information.
In the general picture of the entanglement phase tran-
sition, one expects the scale invariance of the entangle-
ment feature at the critical point [35, 59]. Besides the
logarithmic growth entanglement as we discussed above,
the scale invariance also leads to a power-law decay of
correlations in space. To check the expected scale invari-
ance, we investigate the mutual information between two
distant sites A and B
IA,B = SA + SB − SA∪B (3)
ln
I A
,B
(r)
ln r ln r
（a） （b）
FIG. 6. Decay of the the mutual information IA,B in spatial
distance r. (a) The mutual information IA,B as a function
of ln r for different values of Px, with fixed Pt. (b) Linear
fitting of the mutual information in form ln IA,B = a ln r + b
with the critical measurement rate Px = 0.06. The data for
different total system sizes L0 = 36, 48 are plotted by green
and read lines respectively. The fitting results a(L0 = 36) ≈
−2.58 ± 0.65, b(L0 = 36) ≈ 0.02 ± 1.99 and a(L0 = 48) ≈
−3.12 ± 0.57, b(L0 = 48) ≈ 0.68 ± 1.89, which give a critical
exponent ∆(L0 = 36) ≈ 1.29 and ∆(L0 = 48) ≈ 1.56.
to test the power-law correlations. From the percola-
tion model, one expects that the critical exponent of
power-law decay correlation is ∆ = 2 [35], which leads
to IA,B ∝ r−4. A compassion between different val-
ues of measurement rate Px is presented in Fig. 6(a).
Note first that, the mutual information decays slowest at
the critical point. When Px is large (after transition),
the quantum Zeno effect plays a role, and the correla-
tion decays exponentially since the long-time steady state
is close to a product state. When Px is small (before
transition), the unitary time evolution leads system to
thermalization, where the local information vanishes, so
that results a fast decay of correlations. At the criti-
cal point, the mutual information between two sites IA,B
with long distance almost unchange with increasing the
distance, and IA,B for critical value of Px exhibits a
power-law decay. As shown in Fig. 6(b), the linear fit-
ting in form ln IA,B = a ln r + b results a critical expo-
nent ∆ = −a/2 ≈ 1.29 for total system size L0 = 36.
On larger system size (L0 = 48), it is found this value
enhances to ∆ ≈ 1.56. As discussed above, the obtained
critical exponent from percolation model is ∆ = 2 [35].
Through this comparison, our result seems non-universal,
which can be attributed to the following reasons. First,
in the case of the von Neumann entropy, the problem
cannot map onto a percolation model. Second, differ-
ent from the circuits model, the current calculations are
based on a non-integrable quantum lattice model where
the correlation effects are much stronger. Third, our cal-
culations are limit to finite sizes, and the non-universal
behavior is a finite-size effect.
At last, we stress that the critical behaviors, including
the power-law decay correlation and logarithmic growth
entanglement, support the presence of a scale invariance
around the criticality. It implies a possible unified de-
6scription of the observed volume-to-area law phase tran-
sition, as proposed in Ref. [35, 37].
IV. SUMMARY AND OUTLOOKS
In this paper we have studied the entanglement dy-
namics of 1d Bose-Hubbard model with local projective
measurements randomly appearing in space and time.
A volume-to-area law entanglement phase transition was
observed. By considering two parameters – measurement
rate in space Px and time Pt, a two-dimensional phase
diagram was presented. It is found that the volume law
phase is robust with local measurements applied. Finite-
size scaling analysis indicates the transition falls into a
single universality class, despite that the critical expo-
nent ν ≈ 2 is close to the random unitary circuits [35].
For the critical values of measurement rate, a logarith-
mic growth of entanglement entropy on sub-system size
and evolved time was observed. Moreover, the mutual in-
formation between two distinct sites was found to exhibit
a power-law decay in space. Both the logarithmic growth
entanglement entropy and the power-law decay correla-
tions support the presence of a scale invariant quench
steady state. Based on this, our results support that it
is possible to describe the observed volume-to-area law
phase transition by a conformal field theory [35, 37].
The similar entanglement features of the measurement-
induced phase transition and MBL implies a possible
generic picture of entanglement phase transition. In
MBL, the system cannot be thermalized. It would be
interesting to explore a possible relation between ran-
dom local projective measurements and thermalization.
In MBL, a dephasing type damping will lead to the sys-
tem thermalized [61]. A similar mechanism may works
for the volume-to-area law phase transition induced by
measurements. Or just consider the unitary time evolu-
tion background to be MBL, one expected the local pro-
jective measurements would “speed up” thermalization
as a dephasing-type damping term.
In the case of MBL, the randomness is not necessary,
a quasi-periodic potential [21] also can lead to failure of
thermalization. In the case of measurement-induced en-
tanglement transition, the role of randomness is still un-
clear. In Ref. [37], it was found that the randomness of
the unitary gates and the local measurements is inessen-
tial by simulating Clifford circuits. But the numerics
beyond Clifford circuits in Ref.[35] show that the ran-
domness of the unitary gates leads to a different critical
exponent, which means a different universality. We leave
the discussion of the possible non-randomness induced
entanglement transition for future work.
It would be also interesting to consider a quench dy-
namics from different initial conditions. For example,
Gullans and Huse [62] considered a dynamical purifica-
tion phase transition by replacing the initial states from
pure states to mixed states. The numerics for Clifford
circuits showed that the bipartite mutual information for
mixed sates, which reduces to entanglement entropy for
pure states, grows at most logarithmically in time. This
is very different from the case of initial pure states, where
the entanglement entropy grows linearly in time.
Note added.— Before finalizing this manuscript,
we noticed two more papers arXiv:1908.04305 and
arXiv:1908.08051. Both of them provide theoretical un-
derstanding of the transition by mapping onto a perco-
lation problem within a replica method.
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